This note gives a counterexample of Theorem 20 in the paper of Blackford (2013) [2] . The counterexample shows that [2, Theorem 20] is incorrect. Furthermore, we provide corrections to the above result.
Introduction
Let F q be a finite field of order q and λ a nonzero element of F q . A linear code C of length n over F q is called λ-constacyclic if (λa n−1 , a 0 , a 1 , · · · , a n−2 ) ∈ C for every (a 0 , a 1 , · · · , a n−1 ) ∈ C. It is well known that a λ-constacyclic code of length n over F q can be identified as an ideal in the quotient ring R n,λ = F q [X]/ X n − λ (e.g., see [7, Proposition 2.1] ). The class of constacyclic codes has received a lot of attention (e.g., see [1] [2] [3] [4] [5] [6] [7] ).
Hereafter, we always assume that n is a positive integer relatively prime to the characteristic of F q and r is a positive divisor of q − 1. Recently, Blackford in [2] studied constacyclic codes of length n over F q that are isometric to their dual via a multiplier. We refer to [2] for background and further references. For completeness, we reproduce the definition of Type I duadic splitting of n over F q with respect to r as follows. [2] .) Let θ r,n = {j | 0 j < rn, j ≡ 1 (mod r)}. Let s be a positive integer relatively prime to rn. We say that s is a multiplier for a Type I duadic splitting of n over F q with respect to r if there is a subset T of θ r,n such that 1. T is a union of q-cyclotomic cosets modulo rn. 2. T ∪ sT = θ r,n is a partition of θ r,n .
Blackford obtained the following result. In [2, Theorem 20(1)], Blackford states that: Assume q ≡ −1 (mod 4), with q = −1 + 2 c v for some c 2 and some odd v. Let r = 2r and n = 2 b n , with r , n odd and b 2. Then 1 + 2r n is a multiplier for a Type I duadic splitting of n over F q with respect to r if and only if 1 + r n ≡ 2 c−1 (mod 2 c ).
Unfortunately, this result is not always true. For example, take b = 2, c = 4, r = 3, n = 1 and v = 5. Clearly, 1 + r n = 4 and 4 ≡ 8 (mod 16). It follows from [2, Theorem 20(1)] that 1 + 2r n = 7 is a multiplier for a Type I duadic splitting of 4 over F 79 with respect to 6. But from Theorem 1.2 and the fact 1 + 2r n = 7 ∈ 79 modulo 8, we know that 7 is not a multiplier for a Type I duadic splitting of 4 over F 79 with respect to 6. This example shows that [2, Theorem 20(1)] is incorrect in general.
Using Theorem 1.2, we correct [2, Theorem 20(1)] as follows. (i) c > b and 1 + r n ≡ 0 (mod 2 b ).
(ii) c b and 1 + r n ≡ 2 c−1 (mod 2 c ).
Proof of Theorem 1.3
We need the results [2, Lemma 6]-[2, Theorem 9]. Let v be an odd integer and c 2 a positive integer. We claim that −1 + 2 c v 2 1+b = −1 + 2 c 2 1+b , where −1 + 2 c v 2 1+b and −1 + 2 c 2 1+b denote the cyclic subgroups of Z * 2 1+b generated by [−1 + 2 c v] 2 1+b and [−1 + 2 c ] 2 1+b , respectively. There is nothing to prove if c > b. Thus, we assume that c b. By [2, Theorem 9(2)], we know that 1 − 2 c v 2 1+b = 1 − 2 c 2 1+b , and hence an integer j 0 can be found such that 1 − 2 c = (1 − 2 c v) j 0 . From [2, Lemma 8], j 0 must be odd since 1− 2 c v and 1 −2 c have the same order in Z *
Proof of Theorem 1.3. Observe that gcd(1 + 2r n , rn) = 1 and 1 + 2r n ≡ 1 (mod r). We see that 1 + 2r n ∈ q 2 1+b if and only if an integer j 0 can be found such that 1 + 2r n ≡ q j 0 (mod 2 b+1 ). In this case, we see that j 0 must be odd. This is simply because q 2 ≡ 1 (mod 4) but 1 + 2r n ≡ −1 (mod 4). Assume that (i) holds. It follows from q = −1 + 2 c v and c > b that q 2 1+b = −1 2 1+b . Suppose otherwise that 1 + 2r n is not a multiplier for any Type I duadic splitting of n over F q with respect to r. We then know from Theorem 1.2 that 1 + 2r n ∈ −1 2 1+b , which implies that 1 + 2r n ≡ (−1) j 0 (mod 2 b+1 ) for some odd integer j 0 . This gives 1 + r n ≡ 0 (mod 2 b ), a contradiction.
Assume that (ii) holds. If 1 + 2r n ∈ q 2 1+b , then 1+2r n ≡ (−1+2 c v) j 0 (mod 2 b+1 ) for some odd integer j 0 . It follows from [2, Lemma 8 ] that an odd integer v can be found such that 1 + 2r n ≡ −1 + 2 c v (mod 2 b+1 ). We then have 1 + r n ≡ 2 c−1 v (mod 2 b ). Now by the assumption b c, we obtain 1+r n ≡ 2 c−1 (mod 2 c ). This is a contradiction.
Conversely, suppose that 1 + 2r n is a multiplier for a Type I duadic splitting of n over F q with respect to r, i.e., 1 + 2r n / ∈ q 2 1+b by Theorem 1.2. If c > b, then q 2 1+b = −1 + 2 c v 2 1+b = −1 2 1+b . We need to prove that 1 + r n ≡ 0 (mod 2 b ). Otherwise, 2+2r n ≡ 0 (mod 2 b+1 ). This leads to 1+2r n ≡ −1 (mod 2 b+1 ), a contradiction.
If c b, we assert that 1 + r n ≡ 2 c−1 (mod 2 c ). Otherwise, there exists some integer k such that 1 + r n − 2 c−1 = k2 c , which gives 1 + 2r n = −1 + 2 c (2k + 1). Letting u = 2k + 1, we then have 1 + 2r n ≡ −1 + 2 c u (mod 2 b+1 ). On the other hand, we know that −1 + 2 c u 2 b+1 = −1 + 2 c 2 b+1 = −1 + 2 c v 2 b+1 = q 2 b+1 . It follows that −1 + 2 c u ∈ −1 + 2 c u 2 b+1 = q 2 b+1 . This gives 1 + 2r n ∈ q 2 b+1 , a contradiction. 2
